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A REDUCTION OF CANONICAL STABILITY INDEX 
OF 4 AND 5 DIMENSIONAL PROJECTIVE VARIETIES 
WITH LARGE VOLUME 

MENG CHEN AND ZHI JIANG 


Abstract. We study the canonical stability index of nonsingu¬ 
lar projective varieties of general type with either large canonical 
volume or large geometric genus. As applications of a general ex¬ 
tension theorem established in the first part, we prove some op¬ 
timal results in dimensions 4 and 5, which are parallel to some 
well-known results on surfaces and 3-folds. 


1. Introduction 


Understanding pluricanonical systems of nonsingular projective va¬ 
rieties of general type has been one of the major tasks in birational 
geometry. By the work of Bombieri |Bomj for surfaces and that of 
Hacon-McKernan [HMj . Takayama jTak] . Tsuji |Tsul] for higher di¬ 
mensional varieties, for each n > 0, there exists an optimal constant 
Tn G Z>o, such that the pluricanonical map (pm,x is birational onto its 
image for all m > Vn and for all nonsingular projective n-folds X of 
general type. Such a constant is, in general, non-explicit except that 
ri = 3, that r 2 = 5 by Bombieri and that 27 < rs < 61 by lano-Fletcher 
ra and Chen-Chen [CC31 Theorem 1.6 (1)]. Usually the number 
is referred to as the n-th canonical stability index. 

The existence of directly implies the existence of another optimal 
constant > 0 such that the canonical volume vol(V) > for all 
nonsingular projective n-folds X of general type, where we recall that 
the canonical volume “vol(X)” is dehned as the following number 


vol(A) = lim sup 

meZ>0 


n! h^{X,mKx] 


nv' 


which is an important birational invariant. We know that vi = 2 and 
^2 = 1. By Chen-Chen |CC8t Theorem 1.6 (2)], one has us > 
Similar to the situation of r„, when n > 4, is non-explicit either. 

It is also interesting to consider another optimal constant rjj" so that, 
for all nonsingular projective n-folds X of general type with Pg{X) > 0, 
(Pm,x is birational for all m > r+. By dehnition for any n > 0. 

One has rf = ri and = r 2 = 5 according to Bombieri. By lano- 
Fletcher ra. Chen |Ch03] and Chen-Chen |CC3[ Corollary 1.7], we 
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know 14 < < 18 < r^. Recently, Brown and Kasprzyk [B-Kj found 

many new canonical 4-folds from which one deduces that r 4 > rj > 39. 

In this paper we restrict our interest to varieties of large birational 
invariants. Early in 1973, Bombieri |Bom] proved that, for a nonsingu¬ 
lar projective surface S with either the canonical volume vol(S') > 3 or 
the geometric genus Pg{S) > 4, (pm,s is birational for m > ri = rf = 3. 
Such phenomenon may not be accidental, since the following theorem 
respectively due to G. Todorov and the hrst author has been realized: 

Theorem 0. Let X be a nonsingular projective 3-fold of general type 
satisfying either of the following conditions: 

(1) vol(X) > 4355^ (see Todorov [Todj l ; 

(2) Pg{X) > 4 (see Chen |Ch03i Theorem 1.2 (2)]). 

Then (prn.,x is birational for all m > r 2 = = 5 

Note that Theorem 0(1) has been improved by the hrst author [Chl2j 
in loosing the volume constraint: say, vol(X) > 12^ is sufficient. One 
may also refer to Di Biagio |DB] and Xu [Xuj for other relevant results 
in dimensions 3 and 4. 

Hence it is natural to consider the higher dimensional analog of The¬ 
orem 0. In fact such problem was hrst raised by McKernan in his re¬ 
view to the paper |Todj (see MR2339333 (2008g:14061)). Anyway one 
should be basically guided by the following example: 

Example 1.1. By the dehnition of r„, for any n > 3, there is a non¬ 
singular projective (n — l)-fold, say X„_i, of general type so that 
'•Prn-i-i,Xn-i is Hot birational by the dehnition of r„_i. Pick up any 
smooth projective curve C with g{C) > 2. Take X„ = X„_i x C. 
Then is not birational and, clearly, vol(X„) can be arbitrar¬ 

ily large as long as g{C) is arbitrarily large. Thus > r„_i. For the 
same reason, one knows that > r^_i. 

One of the main observations of this paper is the following result. 

Theorem 1.2. Let X be a birationally bounded family (see Definition 
3.1) and m > 1 be an integer. Let f : X —> T be a morphism with 
connected fibers from a nonsingular projective variety X of dimension 
n > 2 onto a smooth complete curve T. Assume that the general fiber 
F of f is birationally eguivalent to an element ofX. Then there exists a 
constant C{X) > 0 such that, whenever vo\{X) > C{X), the restriction 
map 

7/°(X, mKx) ^ 77°(El, rnKp,) © 77°(Es, mKp,) 
is surjective for any two different general fibers Ei and E 2 of f. 

Theorem 11.21 has been applied to prove the following theorem. 

Theorem 1.3. For any integer n > 3, there exists a constant K{n) > 0 
such that, for all nonsingular projective n-folds X with vol(X) > K{n), 
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the pluricanonical map ifm is birational for all 

m > max{rn-i, L2TT (l + {n - j) "7/ 

^=2 ^ V ’ 

As the 4-dimensional analog of Theorem 0(1), the following theorem 
is obtained by a direct application of Theorem 11.31 

Theorem 1.4. There is a constant K{4) >0. For any smooth projec¬ 
tive 4-folds X with vol(X) > X(4), is birational for all m > r^. 

For projective varieties of large geometric genus, we prove the fol¬ 
lowing theorem which is parallel to Theorem 0(2). 

Theorem 1.5. There exist two constants L{4) > 0 and L{5) > 0. 
For any smooth projective n-fold X of general type with Pg{X) > L{n) 
(n = 4, y^m,x is birational for all m > rf_^. 

Remark 1.6. The effectivity of iF(4), T(4) and L{5) relies on the 
constant C{X) for certain birationally bounded families X. 

We briefly explain the structure of this paper. In the hrst part, we 
mainly prove the key extension theorem (i.e. Theorem ll.2|) which is the 
core of the paper. Then we use Theorem 11.21 to prove a general result 
like Theorem 11.31 In particular, we obtain Theorem 11.41 in dimension 
4 which is parallel to Todorov’s theorem for 3-folds. In Section 5, 
we study nonsingular projective varieties with large geometric genus. 
Theorem 11.51 generalizes an earlier theorem of the hrst author for 3- 
folds to the case of dimension 4 and 5. In the last section, we propose 
some open problems and conjectures and discuss their relations. 

2. Preliminaries and Notation 

2.1. Notation. Throughout we adopt the following symbols: 
o denotes linear equivalence. 

o “~q” denotes Q-linear equivalence, 
o “=” denotes numerical equivalence. 

o For Q-divisors A and B, “A > R” means that A — R is Q- 
linearly equivalent to an effective Q-divisor. 
o “I Ml I ^ I M 2 1” means, for linear systems |Mi| and IM 2 I, |Mi| ^ 

I M 2 1 -|- (effective divisor). 

o Fix|R| denotes the hxed part of the complete linear system \D\ 
and Mov|R| = \D\ — Fix|R| is the moving part. 

2.2. Convention. (1) For any linear system \D\ of positive dimension 
on a normal projective variety, denote by <F|£)| = <Fmov|d| the rational 
map corresponding to |R|. In particular, (pm,x = ^\mKx\ where Kx 
denotes the canonical divisor of X. 

(2) We say that \D\ is not composed of a pencil if dim<F|£)|(X) > 1. 
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(3) A generic irreducible element of |D| means a general member 
of Mov|D| when \D\ is not composed of a pencil or, otherwise, an 
irreducible component in a general member of Mov|Zi)|. 

2.3. Multiplier ideal sheaves and asymptotic multiplier ideals. 

We mainly refer to Lazarsfeld |Laz21 Part 3]. Here we provide the pre¬ 
cise definition for a couple of ordinary forms of multiplier ideal sheaves 
which will appear in the context. 

(1) For an ideal sheaf a C and an effective Q-divisor D on a 
smooth projective variety X. Let tt : X' —)■ X be a log reso¬ 
lution for the pair {a,D) such that the inverse ideal 7r“^(a) = 
a ■ ffx' = ^x'{—E) for a divisor E on X' and that E + 7r*D has 
simple normal crossing supports. Then, for any real number 
c > 0, the multiplier ideal ^{X, a’^ -|- D) is dehned to be 

ti*^x'{Kx'ix - \_cE + 71*D\) 

which is proven to be an ideal sheaf. 

Especially, when a = ffx, we obtain the multiplier ideal 

^{X,D) = ^{X,^x + D). 

(2) For a line bundle L on X with non-negative Kodaira-Iitaka di¬ 
mension, dehne “b.” to be the system of base ideals b^ = b{\kL\) 
(where k G Z>o)-the ideal sheaves corresponding to Bs|/cL|. 
Then, for any positive real number c > 0, the asymptotic mul¬ 
tiplier ideal is defined to be 

X(X,\\cL\\ + D)^ /{X,bl + D) 

for any sufficiently large and sufficiently divisible integer p. 


2.4. The volume of a line bundle and the local multiplicity. 

Let Z be a normal projective n-fold and D a Cartier divisor on Z. The 
volume of D is defined as: 


xo\{D) = lim sup 

mi-^oo 


n\h^{Z,ff{mD)) 


The canonical volume vol{Z) is defined to be vol{Kz'), where Z' is any 
smooth projective model of Z. We will frequently and tacitly use the 
following well-known results, where the integer k can be independent 
of any given point. 


Lemma 2.1. (see for instance Lazarsfeld |Laz2l Lemma 10.4.12]j Let 
X & Z be a smooth point. If vol(Zl) > a"' for some rational number 
a > 0, then, for any sufficiently divisible integer k 0, there exists an 
effective divisor Aa, G \kD\ with multa:(Aa;) > ka. 

Lemma 2.2. (see for instance Todorov nsa Lemma 2.3]J Let x,y be 
two smooth points on Z. If vo\{D) > 2/5"' for some rational number 
/3 > 0, then, for any sufficiently divisible integer fc 3 > 0, there exists an 
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effective divisor G \kD\ with myi\tx{Ax^y) > k[5 and m\i\ty{Ax^y) > 
kfd. ' 

2.5. Non-klt locus. Let D be an effective Q-divisor on a nonsingnlar 
projective variety X. The non-klt locus 

Nklt(X, D) = Supp(^x/^(^, D)) C X 

can be endowed with the reduced scheme structure as a sub-scheme of 

X. 

Let A be an effective Q-divisor on X and (X, A) a log canonical 
pair. For any point x G X, we denote by LLC(X, A,x) the set of 
all log canonical centers passing through x. The following result of 
Kawamata f |Kaw2[ Section 1]) will be tacitly used in the proof of our 
main theorem. 

Lemma 2.3. Let X be a nonsingular projective variety and A > 0 an 
effective Q-divisor on X. Assume that (X, A) is log canonical at some 
point X G X. The following statement hold: 

(i) IfWi, W 2 G LLC{X, A,x) and W is any irreducible component 
ofWinW 2 containing X, thenW G LLC{X,A,x). Therefore, if 
(X, A) is not kit at x, then LLC{X, A, x) has a unigue minimal 
irreducible element, say V. 

(ii) There exists an effective Q-divisor E such that 

LLC{X, (1 - e) A + eE, x) = {V} 
for a// 0 < e -C 1. 

(iii) One may also assume that there is a unigue place lying over 
V. If X is general and D is a big divisor, then one can take an 
effective Q-divisor E ~q aD, for some positive rational number 
a, to fulfill (ii). 

2.6. A weak extension theorem. The problem of extending pluri- 
canonical forms is an important subject in birational geometry (see for 
instance |Siull IKaw3 ] ). In this paper, we will always use the following 
weak version, which corresponds to the special case (i.e. S = spec(A;)) 
of Kawamata |Kaw3[ Theorem A]: 

Theorem 2.4. Let V be a smooth projective variety and X a smooth 
divisor of V. Assume that, for an ample Q-divisor A and an effective 
Q-divisor B, Ky -|- X A -\- B and that X is not contained in the 
support of B. Then 

(1) the natural restriction map 

H\V, m{Kv + X)) ^ H\X, mKx) 

is surjective for any integer m > 2; 

(2) the natural restriction map 

H\V, m{Kv + L + X))^ HfiX, mKx + mL\x) 
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is surjective for any nef divisor L on X and for any integer 
m > 2. 

Remark 2.5. By |BCHM] or |Siu2] . the pair {V,X) has a minimal 
model (Vo, Xq) since, for 0 < £2 -C 1, one may choose an effective 

Q-divisor 

-^ei,£2 ~Q (1 ~ ^ 1 )-^ + (^1-^ + ^2^) + 

SO that (V, -Dei ,£ 2 ) is kit and one has 

Kv + Dgi^ej = (1 + ^2){,Kv + X). 

Hence Theorem 12.df li follows from a direct application of Kawamata- 
Viehweg vanishing theorem on (Vo,Xo). Similarly one gets Theorem 
I2.4f 2) as well. 

3. Multplier ideals and the restriction of pluricanonical 

FORMS 

We start with recalling the following dehnition (see |HMX ] ). 

Definition 3.1. We say that a set X of varieties is birationally bounded 
if there is a projective morphism between schemes, say r : Z —)■ T where 
T is of hnite type, such that for every element X G X, there is a closed 
point f G T and a birational equivalence X = T~^{t). 

For a real number M > 0, dehne Xn,M to be the set of smooth 
projective n-folds X of general type with vol(Xx) < M. One knows 
that Xn,M is birationally bounded (see [HMl ITakl ITsul ] ). 

Proposition 3.2. Let a be an ideal sheaf on a smooth projective variety 
X and L an effective Q-divisor on X with L ^ 0. Fix a positive integer 
N > 0, there exists a constant c, which depends on L, N and X, such 
that 

/(XX + (D) = /(XX) 

holds for any positive rational number s whose denominator divides N, 
for any number e with 0 < e < c and for any effective Q-divisor D 
satisfying D = L. 

Proof. We hrst take a log resolution /r : X' —)■ X of (X, a) and write 
/i*(a) = where ^ Dj is a /x-exceptional divisor. 

By the birational transformation rule |Laz2[ Theorem 9.2.33], 

/{X,aQ = p/{Gx\Kxyx) ® /(X',/r*a^)) 

and 

/(X, + eD) = ii.(Gx'{Kx>ix) ® /{X\pi*a^ + e/i*D)). 

Hence, it suffices to show that ^{X',pi*aQ = ^{X\ p,*a^ + e/i*D). 
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We have 

i 

i i 

Note that, since s = with t G Z, {saj} < Therefore, it 

suffices to prove the following statement: 

Let Yli tie a divisor with simple normal crossing 
support on a smooth projective variety X, where 0 < 
bi < Let L be an effective Q-divisor. Fix a very 

ample divisor H on X and let M = {H^~^ ■ L)x- Then 
for all effective Q-divisor D with D = L and for all 
e < c = we have ^ (X, hEi eD) = Gx- 

Since D = L and H is very ample, multa, D < M for any x & X. We 
shall apply a similar argument to that in the proof of |Laz21 Proposition 
9.5.13]. In fact, the above statement is certainly true in dimension 1. 
Assume dimX = n > 1. For any a; G X, we take a smooth divisor 
Y G \H\ passing through x, which is not contained in the support of D, 
so that Ei + H is a. simple normal crossing divisor. Note that El \y 
is still very ample and (H |y“^ -D \y)y = M- Then, by induction, we 
have 

Jf{Y,Y,b^E^\Y+eD \y) = Gy, 

i 

for all e < c. By the restriction theorem (see |Laz21 Theorem 9.5.1]), 
we have 

./T.E biEi \y +€-D |y) C ^(X, biEi + eD) |y . 

i i 

Thus ^{X, biEi -|- eD)x = Gx,x holds for any t G X. Hence 

/{X,Y,b^E^ + eD) = Gx, 

i 

for all e < c. □ 

In practice we need a relative version of the above proposition. 

Proposition 3.3. Let f : IL ^ T be a projective smooth morphism 
between irreducible smooth varieties. Let X > 0 6e a positive integer 
and let a be an ideal sheaf on X such that a* = a ■ Gxt is non-zero for 
all t ^ T. Let L be an effective Q-divisor on X with L ^ 0 such that 
Xt = f~^(t) is not contained in the support of L for each t eT. Then 
there exists a constant c, which depends on L, N and X, such that 

^(A'„a‘ + £Z)) = ^(X„a-) 
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holds for all positive rational number s whose denominator divides N, 
for all 0 < e < c, for all t E T, and for all effective Q-divisor D on Xf 
with D = L \xf 

Proof. Let : X' — )■ X be a log resolution of (X, a) and write /i*(o) = 
where JfEi is a. /i-exceptional divisor. We note that 
there exists a Zariski open subset U of T such that Ei remains a 
simple normal crossing divisor on for allt E U (see |Laz2l page 211, 
proof of Theorem 9.5.35]). Since h is projective, we can £x a h-very 
ample divisor H on X. Define M = {H -L \xt) and define Ci = 
As in the proof of Proposition 13.21 ^{Xt, af + eD) = ^{Xt, af) 
for all f G 17 and for all 0 < e < Ci. 

We then consider the finite number of families over T \ U. By 
Noether’s induction, we may eventually find the desired positive num¬ 
ber c by taking the minimum of thos numbers in {Ci}. □ 

Proposition 3.4. Let X be a nonsingular projective variety with posi¬ 
tive Kodaira dimension. Assume that, for some integer m > 1 and for 
a non-negative rational number e < 1, the relation 

J^(X,\\{m-l- e)Kx\\ + (D) 3 ||(m - 1)/Cvll) 

holds for all effective Q-divisors D with D = Kx ■ Then, for all nonsin¬ 
gular projective birational model X' of X and for all effective Q-divisor 
D' on X' with D' = Kx>, the natural inclusion 

H\X', ffxfmKx') <8) ^(X', ||(m - 1 - e)Kx'\\ + eD')) 

C H%X',ffxfmKx')) 
induces an isomorphism of vector spaces. 

Proof Since {X,\\{m - 1 - e)Kx\\ + eD) D /(X, ||(m - l)Xx||), 
we have 

H^{X,^x{mKx)) 

D (^X, {mKx) O ^ (X, 11 (m - 1 - e)Xx 11 + eD)) 

D ^(X,||(m-l)Xx||)) 

D H^(^X,ffx{mKx)® ^{X,\\mKx\\)) 

= H\X,ffx{mKx)) 
by |Laz2[ Proposition 11.2.10]. 

For any smooth birational model X' of X, we take a common smooth 
birational model X" of both X and X', say tt : X" —)■ X and p, : 
X" -E X'. For some effective Q-divisor D' = Kx', we take D" = 
p*D' + Kx"IX' = Ex". We may assume that sD" is an effective di¬ 
visor for some integer s > 0. Since sD" = sKx" + P" for some divi¬ 
sor P" E Pic°(X"), we write P" = 7r*{P) = 7r*{sQ) for some divisor 
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Q G Pic°(X). Since hP{X'\ sKx" + P") = h^{X, s{Kx + Q)), we have 
\sKx" + P''\ = 7i*\s{Kx + Q )| + sKx'ijx- Thus there exists an effec¬ 
tive Q-divisor D on X such that D” = + Kx"/x- Note that D 

is nothing but We also note that for any positive integer 

\NKx"\ = 'k*\NKx \ + NKx"/X- Hence, 

TT* (^&x"{'niKx") ® J {X", 11 (m - 1 - e)Kx"\ \ + e-D")) 

= 'K*{ffx"{'mKx") ® ^{X'W\{m - 1 - e)TT*Kx\ \ + {m - I - e)Kx"/x + ^P”) 

= tt^(^0'x»{Kx” + {m- 1)tt*Kx) ® ^{X",TT*\\{m - 1 - e)Kx\ \ + €tt*D)^ 

= ffx{mKx) ® '^*{^^X"{Kx"/x) ® /{X”,Ti*\\{m - 1 - e)Kx\\ + ex*D))^ 

= ffximKx)® f{X,\\{m-l-e)Kx\\+eD), 

where the first equality holds by |Laz2[ Proposition 9.2.31] and the 
definition of asymptotic multiplier ideals, the third equality holds by 
projection formula, and the last equality holds by the birational trans¬ 
formation rule |Laz21 Theorem 9.2.33]. 

Hence 

<limH^[x'\ ffx"{jnKx") ® /{X'\\\{m - 1 - e)Kx"\\ + eD")) 

= P^{X) = P^{X'') 

and we have the desired isomorphism on X". 

Similarly, we have 

/i, {fx"{mKx',) <8) ^(X", ||(m - 1 - e)Kx"\\ + eD")) 

= i^x'{mKx>) ® / (X', 11 (m - 1 - e)Kx> \ \ + eD '). 

Thus 

F^(X') = P^(X") 

= dim {X\ ffx '(mXxO ® ^ \\{m - I - e)Kx'\ \ P eP')) , 

which means that the isomorphism on X' holds. 

The last equality naively implies the following property: 

K\mKx'\) C ^(X', ||(m - 1 - e)Kx'\\ + eD'). (1) 

We are done. □ 

Combing the above propositions, we have the following theorem. 

Theorem 3.5. Let X be a birationally bounded set of smooth projective 
varieties. Then there exists a positive constant c(X) such that, for 
any nonsingular projective variety X which is birationally equivalent to 
some element in X, for all effective Q-divisors D on X with D = Kx 
and for all 0 < e < c{X), the isomorphism of vector spaces 

H°(X, ^x{mKx)®^{X,\\{m-l-e)Kx\\+eD)') = H%X, &x{mKx)) 
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holds for all m> 2. 

Proof. Let : Z —)■ T be a projective morphism, where T is of hnite 
type, such that each element of X is birational to a hber of h. After 
taking birational modihcations of Z and T and taking stratihcations 
of T, we may assume that h is a smooth morphism between smooth 
varieties, say T = UjTj is of hnite type, T* are affine, and h = Uj(hj : 
Zi —y Tf). 

By |BCHMj . we know that the canonical ring 

CXD 

m=0 

is a hnitely generated ^Ti graded algebra. Let Sj G ZiipajKzi) 
(1 < j < fc) be generators of this ring and let M > 2 be a common 
multiple of all rrij. Denote by b* the base ideal of \MKzf\. By Sin’s 
deformation invariance of plurigenera (see for instance [Laz21 Theo¬ 
rem 11.5.1]), Pm{Zt) is a constant for each m > 1 where Zt denotes 
the hber of over t & Ti. Equivalently, as being pointed out in 
|Laz21 p.310,(11.26), (11.27)], the natural restriction (as a ring ho¬ 
momorphism between graded rings) —)■ H^{Zt,mKzt) is sur¬ 

jective in all degrees for any t ^ T. In particular, the natural map 
hi^^Zi{MKzi) —)■ H^{Zt, MKzt) is surjective. We have the following 
commutative diagram: 


H\MKzf)®ffz, ffzAMKz,)®bi 


di 


02 


H\MKz,) ® ffz, - 1 ffzAMKz,) ^z, 

04 


where 6*i surjective and so is 02 = 6*i (8) bj. Also 03 is surjective by 
the dehnition of base ideal. Thus bi^t = bj 0^^, i^Zt is the base ideal 
of \MKzt\. Hence M is also a common multiple of the degrees of the 
generators of the canonical ring of Zf. 

Now, by the dehnition of asymptotic multiplier ideal, we have 

/{ZtA\{m-l)Kz,\\) = /(Zi,b(|(m-l)piLzJ)^) forp»0 

= f{ZtM\MKz,\)-^) {here,{m-l)p = lM) 

.—.772 — 1 


Proposition 13.31 implies that there exists a constant Ci such that 
^{Zt, ||(m - l)Kzt\\ + eDt) = J{Zt, \ \{m - 1)A'^J|) holds for all 
t E Ti, for all ehective Q-divisor Dt on Zt with Dt = Kzt and for all 
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0 < e < Cj. Hence 

J’(Z„ll(m-l-e)Kz,ll+eD,) D ||(m - 1)A2,|| + eA) 

= ^(Z„||(m-1)AA||). 

Since we only need to consider finitely many strata of T, we take 
c(X) = minlCj}, which is positive. Then 

J’(Z„ ||(m - 1 - €)A-z, +€AII 5 J’(Z„ ||(m - 1)AA||) 

holds for all m > 2, for all t ^ T, for all effective Q-divisor Dt on Zt 
with Dt = Kzt and for all 0 < e < c{X). The main statement directly 
follows from Proposition 13.41 □ 

Corollary 3.6. Let'X. he a hirationally bounded set of smooth projective 
varieties. Assume PmiX) 7^ 0 for all Y E X and m > 1. Then, for 
any nonsingular projective variety X which is hirationally equivalent to 
some element in X, for all effective Q-divisors D on X with D = Kx 
and for all 0 < e < c{X), we have 

/{X,eD) D h{\mKx\). 

Proof. By Theorem 13.51 and Property ([T]) in the proof of Proposition 
KM we have 

/{X,eD) D f{X,\\{m-l-e)Kx\\+eD) D b{\mKx\). 

□ 

Theorem 3.7. Let X be a hirationally hounded family. Let f : X —> T 
be fibration from a nonsingular projective variety onto a smooth com¬ 
plete curve T. Assume that the general fiber F of f is hirationally 
equivalent to an element of X. Then there exists a constant Ci{X) > 0 
such that, whenever Yo\{X) > cfiX), the restriction map 

H\X,mKx) H^F^rnKp) 

is surjective for all m > 2. 

Proof. By assumption, X must be of general type since vol(X) > 0. 
For fc 3> 0, we have Pk{X) ^ vol(X) • ^ where n = dimX. On the 
other hand, there is a constant M(X) > 0 such that vol(Z) < M{X) 
for any element Z E X. In particular, for the general fiber F of /, 
h^{F, kKp) < M{X)- ^_iy for fc S> 0. Pick general fibers Pi {1 < i < s) 
of /, we consider the short exact sequence 

S 

0 —)■ ffx{kKx — ''^^Fi) D’x{kKx) —>■ ®i<PFi{kFi) 0. 

i=l 

By comparing dimensions of those cohomological groups in question, 
we see that H^{X, ^x{kKx — -^*)) 7 ^ 0 for /c 0 and 

kvo\{Kx) I . ^ ^ kvo\{Kx) 

^ nM{X) ^ ^ nM{X) ' 
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Thus, Kx ~(Q pF + E, where E is an effective Q-divisor and 


P > L 


yo\{Kx) I 

nM(X) ^ 


- 1 


is a rational number. 

When vol(i^x) > 2nM{X), we can pickp > 1, then {m — l)Kx — F is 
a big divisor. We denote by ^ — l)Kx — -^H) and consider 

the short exact sequence: 


0 — y ffxij^Ex — ^ — y ^xi^Ex)®^ — y — y 0 . 

By Nadel’s vanishing theorem, we have 

H\X, ffx{mKx -F)®^) = 0. 

We then have the surjective map 

H\X, ffx{mKx) H\F, ffpirnKp) ® /|^). 

It suffices to show that the natural inclusion 


H%F, ffpirnKp) ® /\f)E H%F, ^F{mKF)) 

is an isomorphism of vector spaces. Next we study the sheaf ^\f- 
Since \l{m — 1 )Kf\ ^ |/((m — l)Kx — -F)! \f for any integer Z > 0, we 
have 

J\fC J(\\(m-i)KF\\) 

(see for instance [Lazll Section 11.2]). 

We pick a sufficiently large and divisible integer N and take e = 
Then 

\N(^{m-l)Kx- F^\ = \N(^{m-l-e)Kx + {m-l-e)F+ eE^ 

D \N{m-l-e){Kx + F)\+NeE. 

On the other hand, by Theorem 12.41 we know that 

|iV(m - 1 - e){Kx + F)\ \f= \N{m - 1 - e)KF\. 

Hence 

^ |f5 ^{F,\\{m - 1 - €)Kf\\ + eDF), 
where Df = E |i?~Q Kf is an effective Q-divisor. 

Therefore 


H%F,ffF{mKF)® ^\f) 

Q H\F, ffFimKF) ® Jf {F,\\{m - I - e)KF\\ + eDF)). 

As in the proof of Theorem 13.51 there exists a finite set § of positive 
integers such that for any F G j£, the canonical ring of F is generated by 
some elements whose degree numbers belong to §. Let iV be a common 
multiple of those numbers in §. When vol(X) is large enough, we can 
take a sufficiently large integer p so that, for any 2<m<iV-|-l,e = 
< c(X). Then, by Theorem 13.51 we see that the restriction 
map H^{X,mKx) H^{F,mKF) is surjective for 2 < m < iV -|- 1. 
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On the other hand, for any k > N + 2 and s G H^{F, kKp), s can 
be written as a sum of products of elements of degrees between 2 and 
N. Hence the restriction map H^{X, kKx) —t H^{F, kKp) is again 
surjective and we conclude the statement. □ 

Corollary 3.8. Under the same condition of Theorem \3. 7| , there ex¬ 
ists another constant C 2 (X) such that, whenever vol(X) > C 2 (X), the 
restrction map 

H%X, mKx) H\F^,mKF,) © H\F 2 , mKp,) 

is surjective for two arbitrary different general fibers Fi and F 2 of f 
and for all m >2. 

Proof. Note that we have 

Fx ~Q P{Fi + F2) + E 

with E > 0 and p can be arbitrarily large as long as vol(X) is suffi¬ 
ciently large. As in the proof of Theorem 13.71 we study ^ ^ (11 (lu ~ 
1)Kx — Fi—F 2 \\) instead of considering ^. All other argument follows 
accordingly without any problems. We omit the details and leave it to 
interested readers. □ 

Remark 3.9. Corollary 13.81 savs that, as soon as Pm{X) > 0 for some 
m>2 and vol(X) > C 2 (X), (pm distinguishes different hbers of /. 

Proof of Theorem ll.2L Theorem 13.71 and Corollarv l3.8l directlv imply 
Theorem 11.21 □ 

4. Proof of Theorem 11.31 and Theorem 11.41 

Given a projective variety X, by convention, we say that a point 
X & X is in very general position if a: is in a countably dominant subset, 
which is nothing but the complementary set of a union of countably 
many closed subsets of X. 

4.1. Point separation principle. Let X be a nonsingular projective 
variety and L a big divisor on X. Assume that x and y are two distinct 
very general points of X. If D is an effective Q-divisor such that L—D is 
nef and big, that x,y E Nklt(X, D) and that either a; or 1 / is an isolated 
Ic center of Nklt(X, H), then Nadel’s vanishing theorem implies that 
\Kx + L\ separates x and y. 

In practice, we are going to apply this principle to the special case 
with L = {m — l)Kx for some integer m > 1. Write Kx ~q A -\- E 
where A is an ample Q-divisor, vol(X) ^ vol(A) and E is an effective 
Q-divisor. Suppose we can find an effective Q-divisor D ~q aA for 
some rational number a > 0 such that x, y E Nklt(X, H) and that 
either a: or 1 / is an isolated Ic center. Then it follows that (pm,x is 
birational for all m > [aj + 2. 
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4.2. The induction formula according to Takayama. We review 
some formulae and results, of Takayama [Taki Section 5], which will 
be used in our proof. First of all, we £x the notation following |Tak[ 
Notation 5.2]. Let X be a nonsingular projective n-fold. 

o For any integer d with 1 < d < n, assume that > 0 is a 
constant so that vol(Z) > holds for any sub-variety Z of 
codimension d passing through very general points, 
o Pick any rational number e with 0 < e <C 1. 
o Non-negative integers s^, s'^, and are dehned inductively 
as follows. Let si = 0 and ti = n-v^/(l — e). Assume that Sd 
and td are dehned already. Set s'^ = Sd + s, = td and 


Sd+l — (1 + 


td+l — (1 + 


^-^{n-d)\ , 2"A^(n-d) 

{l-e)ad {l-e)ad ^ 

*V2(n - d) 


td- 


(1 -e)ad 

o For the given constant £, we may hnd a birational modihcation 
/i : X' —> X with X' smooth and take the decomposition 




where is Q-ample and is an effective Q-divisor. For sim¬ 
plicity we just write A = and E = E^ as no confusion is 
likely. Note also that we may assume | vol(A) — vol(X)| < 
as £ is very small. 

The following proposition of Takayama provides an effective induc¬ 
tion: 


Proposition 4.1. (cf. |Takl Proposition 5.3]j Let Xi, X 2 be two differ¬ 
ent very general points on X'. The following statement (*d) holds for 
every d with 1 < d < n: 

{*d) There exist a positive constant Od < Sd + td/ao, a 
non-empty subset Id C {1,2} and an effective Q-divisor 
Dd on X' satisfying Dd a^A such that 

(i) (X', Dd) is log canonical at Xi for all i G Id! 

(ii) {X',Dd) is not kit at Xi for each i G Id', 

(hi) (X', Dd) is not log canonical at xj for each j G 

{1,2} \ Id; 

(iv) codim X^/t(X', Dd) > d at Xi for all i G Id- 
In fact, Takayama’s clue of the proof of Proposition 14.11 is: 

(*d) ^ i*'d) i*d+i), 

where “(*d)” is the following statement: 

There exist a positive constant a'^ < s'^ + t'^/ao, a 
non-empty subset C {1,2} and an effective Q-divisor 
D'^ on X' with D'^ ~q a'^A such that 
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(i) (X', D'j) is log canonical at Xi for all i G /^, 

(ii) (X', D'j) is not kit at x* for each i G /^, 

(iii) {X', D'j) is not log canonical at Xj for each j G 

{ 1 . 2 } \ 4 

and either of the following is true: 

(iv-0) codiniNklt(X', D'^) > d aX Xi for all i G 
(iv-1) Nklt(X', D'^ = ZUZ+ such that Z is irreducible of 
codimension d, and Xi E Z but Xi ^ for i G 
In particular Z is unique. 

Since Proposition 14.11 is not strong enough for our purpose, we need 
to use the following improved version for which a similar inequality 
was observed by Di Biago |DB1 Theorem 5.5]. We observed as well 
that Debarre mentioned this in his survey article (see jPibl Theorem 
5.2]). 


Variant 4.2. Keep the same notation as in Proposition 14.11 Assume 
that there is a constant > 0 and an effective Q-divisor ttdA 

so that the pair {X'^Dd) satishes conditions : {i) ~ {iv). Then 

(I) there exists an effective Q-divisor D'^ for some positive 

constant 

Oj^ < dd T ^ 

such that {X',D'^) satishes conditions (*'^). 

(II) there exists an effective Q-divisor Dd+i for some 

positive constant 


Ild+l ^ Old 




2 - d) 

+-^- - + e, 


( 2 ) 


such that {X'lDd+i) satishes conditions (*d+i) : (i) ~ {iv). 

Proof. Statement (I) follows directly from the proof of [Takl Lemma 

5.5] . One keeps the same construction for as that for D'^ by replacing 

Dd with Dd, Od with and so on. In fact, one gets d'^ < dd + e just 
consulting line 25, page 580] and |Takl line 15, page 581]. 

For Statement (II), we hrst refer to the proof of [Takl Main Lemma 

5.6] , where we observe that b = [d(;J -|-1 and thus the main consequence 
of the proof of [Takl Main Lemma 5.6] should be: 


{Z ■ A"-'^) > 


/(I - e)ad 
V 1 + 6 


n—d 


Then we refer to the proof of [Takl Lemma 5.8], where we may replace 
bd{X), D'^, Dd+i and dd+i by b, D'^, Dd+i and dd+i, r espec tively. The 
same argument, especially by the dehnitions of dd+i in [Takl line 3, line 
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19, page 583], implies 


X ^ - ‘i)(l + ^ 


— + 


(1 - s)ad 

-</ 2 {n-d)\ 2 ^-</ 2 {n-d) 


Oid 


+ 


Oid 


+ /(^) 


where f{e) i—)■ 0 (as £ i—)■ 0). We are done. □ 

By Proposition 14.11 we can find an effective Q-divisor Di with Di ~q 
aiA, such that (X', Di) satisfies the condition (* 1 ) where 


ai < 


e. 


ao 


For any integer m satisfying 1 < m < n. Variant l4.2f lB inductively 
implies that one can find a rational number 

m—1 


dm. ^ 


( 


y, . "V2(n - j) 


V do 


+ 2)11(1 + 

1 = 1 


a, 


-2 + £ 


(3) 

Ctm.A 


for the given £ <C 1 and an effective Q-divisor Dm with Dm ' 
such that {X',Dm) satisfies the condition (*m)- 

A direct corollary of Takayama’s induction and Variant 14.21 is as 
follows. 


Corollary 4.3. Let K = (^ l/2n + 2 ) (l + + 1- Then 

for all n-fold X with vol(X) > 1, the m-th pluricanonical map ipm is 
birational for all m > Vn- In particular, for all nonsingular projective 
3-folds of general type with vol(X) > 1, (p 38 ,x is stably birational. 


Now we are ready for proving the main theorem. We shall discuss 
the case of dimension 4 in details while the proof for higher dimensions 
is simply a redundant generalization. 


4.3. Proof of Theorem 11.31 (the case of dimension 4). Let X 

be a nonsingular projective 4-fold of general type. Given a number £ 
with 0 < e <C 1. Modulo possibly a birational modification, we may 
and do assume that Kx ~(Q A + E for some ample Q-divisor A with 
0 < vol(X) — vol(y4) <C £ and an effective Q-divisor E on X. Assume 
that vol(X) > Oq for some rational number oo > 0 . Actually we will 
be working under certain assumption that Oo is sufficiently large. Note 
that we always have 03 > 2 and a 2 > 1- Pick two very general points 
xi, X2 e V. 

By Lemma 12.21 Lemma 12.31 and Proposition 14.11 we may take an 
effective Q-divisor Dq = aoA with oq < -|- £ so that 

{X,Do) satisfies the condition (*i) of Proposition H]TJ namely, both xi 
and X 2 belong to Nklt(X, Dq)] (X, Dq) is Ic at either xi or X 2 , we may 
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simply assume that (X, is Ic at xi modulo an exchanging of 

indices, and there exists a unique Ic center 14 ^ passing through Xi. 

We then consider the Hilbert scheme for a rational number a < 
parametrizing the data 

I xi,X 2 G ~Q aA}. 

Note that is the subset of X x X x |My4|, where M is an integer 
such that MA is a divisor. The set J^a consists of {(xi, 0 : 2 , T*)} G 
X X X X \MA\ such that D passes through both xi and X 2 - Pull back 
the universal divisors in \MA\ x X for each M, we get the universal 
divisor & C x X, parametrized by Take a log resolution of 
the pair x X, ^). Since log canonical singularities is dehned by 
the discrepancies of a log resolution of a pair, we see easily that, in 
each component of (a is a small rational number), there exists a 
constructible subset parametrizing those datum such that 

(vcy’“') = (x,Az)) 

is non-klt at Xi, X 2 and is log canonical at Xi with a unique log canoni¬ 
cal centre 14^ passing through Xi. Then, by the countability of Hilbert 
schemes we see that there exists a rational number oq < +s 

and an irreducible scheme U parametrizing the data (xi,X 2 , 14^, 
with the property: a^A; (X, is non-klt at Xi and 

X 2 ; (X, is Ic at xi with unique Ic centre 14j passing through 

Xi; the natural morphism 

B ^ X X X dehned by 
(xi,X2) 

is dominant. Shrinking U a little bit, we may obtain the minimal 
number Tq with 0 < Tq < 3 such that, for very general pair (xi,X 2 ) G 
X X X, there exists (xi,X 2 , 14i, parametrized by [/, admitting 

dim\ 4 ^ = ro. 

Case 1. Assume tq < 2 . 

This means that the pair {X, satishes the condition (* 2 ) of 

Proposition 14.11 Set 02 = oq. Repeatedly applying Variant ITW IH. we 
may hnd an effective Q-divisor B^ ~ a^A such that (X, ^ 4 ) satishes 
the condition (* 4 ), where 04 > 0 is a rational number with: 

04 < 2(1 + 2\/2)T2 + (8\/2 + 2) + 3£ (4) 

< (8\/2 + 2) + + (4^2 + 5)^. (5) 

(To 

Clearly one can hnd a computable constant Xi > 0 such that the 
right hand side of Inequality ([5]) is upper bounded by [8\/2 -|- 2] = 14 
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whenever aQ> Ki. Therefore, when vol(X) > Kf, ipm is birational for 
all m > 15. 

Case 2. Assume tq = 3. 

Set Oi = Oq. According to Variant I4.2f lli and Inequality ([3]), we 
may hnd an effective Q-divisor ~ 04 ^ such that {X, D 4 ) satishes 
the condition (* 4 ), where 

04 < 2(1 + 2V2) (1 + (2 + - 2 + h{e) 

V ' ao / 

and h{s) hA 0 . 

Step 1. If > 1000, by taking a sufficiently small e, then we have 

4(l + 2\/2)fl + - 2 < 14. 

V ai 

Thus one can hnd a computable constant K 2 > 0 such that 04 < 14 
whenever oq > K 2 . So, when vol(X) > and ai > 1000, ipm is 
birational for all m > 15. 

Step 2. Slightly shrinking U if necessary, we may assume that, for 
each Vy parametrized by U, the number vol(I4;) < 1000^. By McKer- 
nan’s idea |Mc] and particularly Todorov [Tod( Lemma 3.2] (see also 
[Todl P.1328]), we have the surjective morphism tt : X" —> X from a 
nonsingular projective variety X" onto X and the following diagram: 

X" X 

/ 

B 

where / : X" —)• S is a hbration onto the smooth curve B. We 
organize the argument by distinguishing two cases: 

Subcase 2.1. vr is not birational. Clearly, passing through a 
very general point Xi, there are at least two Ic centers, say 14 ^, 1 ^ 
corresponding to two elements of U. According to Lemma 12.31 one 
may hnd a rational number 02 < 3ao + £ and an ehective divisor D 2 ~ 
02 ^ such that the pair (X, ZI 2 ) satishes condition (* 2 )- Parallel to the 
situation of Case 1 and apply Variant ITTW IB once more, we may hnd an 
ehective Q-divisor ZI 4 ~ 04 ^ such that (X, ZI 4 ) satishes the condition 
(* 4 ), where 04 > 0 is a rational number with: 

04 < 2(1 + 2 \/ 2 ) h 2 + ( 8\/2 + 2 ) + 3 £ ( 6 ) 

< (8\/2 + 2) + + (12\/2 + 9)£. (7) 

tto 

One can hnd a computable constant X 3 > 0 such that the right hand 
side of Inequality ([7]) is upper bounded by [8\/2 + 2\ =14 whenever 
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do > K^. Therefore, when vol(X) > X|, ^pm is birational for all 
m > 15. 

Subcase 2.2. tt is birational. For simplicity, we may simply 
assume X" = X. By construction, the hber of / passing through a 
very general point Xi is exactly the center 14^ C Nklt(X, with 

Dq ~ a^A and Oq < + s. By our assumption vol(14j) < 1000^. 

Now we take X = Xa^iooos, which is a birationally bounded family. By 
Theorem 13.71 and Corollary 13.81 there exists a constant such that, 
whenever vol(X) > p>m,x is birational for all m > r^. 

By Chen-Chen [HC^ . we know that 27 < rg < 61. Take iC(4) = 
max{Kf,K 2 ,K^,Kf}. Then we have seen that (pm,x is birational 
whenever vol(X) > K{4). So we have proved the theorem in dimension 
4. □ 

The above argument has the following direct corollary. 

Corollary 4.4. There exists a constant K{A) > 0. For any smooth 
projective j-fold X with Pg{X) > 0 and vol(X) > X(4), ipm is bira¬ 
tional for m > ma2:{15,r^}. In particular, (fis^x is birational. 

Proof. Note that all argument in Subsection 14.31 follows except Subcase 
2.2 where rg should be replaced by r^?as the general hber of / has 
positive geometric genus. 

Since 14 < r^ < 18 as mentioned in Introduction, the statement 
follows. □ 

4.4. Proof of Theorem 11.31 (the general case). Assume dim(X) > 
4. The argument is similar in the spirit to that of 14.31 Thus we will 
omit most of the parallel details. 

Given a number £ with 0 < £ -C 1. We still write Kx ~q A + E for 
some ample Q-divisor A with 0 < vol(X) — vol(A) <C £ and an effective 
Q-divisor E on X. Pick two very general points xi, X2 & X. 

By Lemma 12.21 Lemma 12.31 and Proposition 14.11 we may take an 
effective Q-divisor Dq = aoA with oq < -|- e so that 

{X,Dq) satishes the condition (* 1 ) of Proposition ITTl We may simply 
assume that {X, is Ic at xi modulo an exchanging of indices 

and that there exists a unique Ic center 14 ^ passing through xi. 

Similarly we consider the Hilbert scheme for a < -1- s, 

and obtain an irreducible scheme U as in 14.31 We may still assume 
that the scheme U allows to obtain a constant ro = dim 14^ where 
{xi, X 2 ,Vxj^, G U. Clearly 0 < rg < n — 1. 

Case I. Assume vq < n — 2. 

This means that the pair {X, satishes the condition (* 2 ) of 

Proposition 14.11 Set 02 = oq. Repeatedly applying Variant ITW IIL we 
may hnd an effective Q-divisor ~ OnA such that {X, Dn) satishes 
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the condition (*n); where a„ > 0 is a rational number with: 


n/7^ ^ 1 

s„<(^+2)n 

J=2 


«0 


1 + 


^{n - j) 


an 


- 2 + l{e) 


(8) 


with /(e) I—)■ 0 as e I—)■ 0. Clearly one can hnd a computable constant 
> 0 such that the right hand side of Inequality ([8]) is strictly smaller 

than Ml = [2 11^=2 “I-j J — 1 whenever ao > iCi- Therefore, 

when vol(X) > (fm,x is birational for all m > ui + 1. 


Case II. Assume ro = m — 1. 

Set ai = oq. According to Variant IT2f Hi and Inequality ([3]), we may 
hnd an effective Q-divisor Dn ~ a^A such that {X, Dn) satishes the 
condition (*n); where 


dn. ^ 




n 


V tto 


+ 2 


n—1 

n 

i=i 


1 + 


^{n - j) 


an 


-2 + e 


(9) 


Step i. The case with ai > T. From Inequality ([9]), it is clear 
that there are two constant T > 0 and K 2 > 0 such that, whenever 
tti > T and ao > K 2 , the right side of Inequality ([9]) is strictly smaller 
than Ml. Thus, meanwhile, (prn,x is birational for all m > mi + 1. 

Step ii. The case with ai < T. Slightly shrinking U if neces¬ 
sary, we may assume that, for each Vy parametrized by /7, the number 
vol(I4) < By Todorov |Todl Lemma 3.2] (see also |Todl P.1328]), 

we have the surjective morphism tt : X" —)• X from a nonsingular pro¬ 
jective variety X" onto X and the following diagram: 

X" X 

f 

B 

where / : X” —)• S is a hbration onto the smooth curve B. We 
organize the argument by distinguishing two cases: 

Subcase ii.l. vr is not birational. Clearly, passing through a 
very general point Xi, there are at least two Ic centers, say I 4 ^,V^ 
corresponding to two elements of U. According to Lemma 12.31 one 
may hnd a rational number 0,2 < 3ao -l- £ and an effective Q-divisor 
D 2 ~ 02 ^ such that the pair (X, ZI 2 ) satishes condition (* 2 )- Parallel 
to the situation of Case I and apply Variant I4.2I IP once more, we 
may hnd an ehective Q-divisor ~ a„A such that (X, Dn) satishes 
the condition (*n); where a„ > 0 is a rational number with (compare 
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Inequality ([H])): 


3n^ 


n—1 


To 


2) n 11+ 

i=2 


- j) 


a,- 


2 + h(s) 


( 10 ) 


with h(s) I—)■ 0. One can find a computable constant K 3 > 0 such 
that the right hand side of Inequality fllOj) is strictly smaller than ui 
whenever uq > -^ 3 - Therefore, when vol(X) > is birational for 

all m > Ml + 1 . 


Subcase ii.2. tt is birational. For simplicity, we may simply 
assume X" = X. By construction, the fiber of / passing through a 
very general point Xi is exactly the center I4i C Nklt(X, with 

Do ~ 00^4 and Oq < + s. By our assumption, vol(I4j < 

Now we take 3i = which is a birationally bounded family. By 

Theorem 13.71 and Corollary 13.81 there exists a constant such that, 
whenever vol(X) > , (pm,x is birational for all m > r„_i. 

Finally take K{n) = max{iC”, >-^3 )-^4 }• What we have proved 
is that (pm,x is birational for 

m > max{r„_i, Ui + 1} 
whenever vol(X) > K{n). Since 

2 

W-j 

the main theorem is proved. □ 



n-l 


[2n(i+u-j) 


i=2 


5. Proof of Theorem 11.51 

5.1. Convention. Let Z be any nonsingular projective variety of gen¬ 
eral type over an algebraically closed field k of characteristic 0. By 
[BCHM] or |Sin2] . we know that the canonical ring R{Z, Kz) is finitely 
generated over k. One can obtain the morphism xz '■ Z —)■ Zq possibly 
after a birational modification of Z. 

5.2. The canonical map ipi. Let X be a nonsingular projective n- 
fold of general type. Assume Pg{X) > 2. Modulo further birational 
morphism, we may assume that Mov|iFx| is base point free. Taking 
the Stein factorization, we have the following diagram: 

A- - -^F 

7TX 

Xo 
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where ^pi is the canonical morphism and N = Pg{X) — 1. Denote by 
H G Movli^xl the general member. Then h^{X,Kx — H) = 1. Set 
d = dimT. 


5.3. Canonical restriction inequalities. Denote by F a general hber 
of /. Unless d = n, F is a smooth projective variety of dimension 
n — d > 0. We then take d — 1 general hyperplane sections Hi, ■ ■ ■ , H^-i 
on s(r). Set the curve W = Fifl - ■ - X^ = f~^(W) and = 

for each i. We may assume that Xyy and X^^ are all nonsin¬ 
gular for each i. Clearly we have Xh. ~ H for each i = 1, - ■ ■ ,d — 1. 

Consider the hbration fy/ : Xyr —)■ W with F a general hber. First 
we write H\xy^r = for some smooth hbers Fj of /, where 

a = Hf > Pg{X) —d (see for instance |Kobt Lemma 1.3]). By Theorem 
m we have 


ImiKxy^ + -H\xyy)\ |f= \m{^Xw + ^)l \f= IrnKp] (11) 

CL 

for sufficiently large and divisible integer m. 

Note also that, Kx^ ~ {Kx + {d—l)H) \xw— {dKx) \xw- Moreover, 
for a sufficiently large and divisible integer m, Theorem 12.4f 2) implies: 


m{Kx + {d-l + -)H)\ 

^ 1 

m{Kx + 
m{Kx + XhO + 

2<i<d-l 

m{Kx„^ + ( ^ XHi + -H) \xh^ j I Uvi. 


1 ^ •■nir^_2 {Xd-l + ^-^) |Xifj^n - nir^_2 ) I 

= \miKx^ + -H\xJ\ ( 12 ) 

CL 

where XHin---nHa_2 = H ■ ■ ■ fl Hd- 2 )- Since Kx — H is effective, 

we conclude from flTTl) and flT^ that 


m{ad + 1) 


Kx\ If ^ \mKp\ 


By the base point free theorem, we have 

.m{ad+l)^^ . . ^.m{ad + l) 

Mov ^- -Kx\ = Wxi— -^ 

a a 

Mov|miFir| = \Trp(mKFo)\- 


K 


Xo \y 
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Thus 

A-(aT)If> (13) 

Finally, noting that 7r^(iFxo) ^ H, we have 
vol(X) = (vr^(iFxo))^>(i/"-vri(i^Xor-")Y 

= a • (vri(i^xo) > a • 


= a • 


\n—d 


1 “ 1 “ ad 


■ vol(F) 


Corollary 5.1. There exist positive constants and bn such that 

vol(X) > anPg{X) - bn 

holds for any smooth projective n-fold X of general type. 

Proof. Keep above settings. When d = n, one has vol(X) > 2pg{X) — 
2n by |Kobl Proposition (2.1)]. Thus we have 


vol(X) > 


min {2pg(X)-2n, 

l<d<n—l 


'^n—d 


(d+l)^-'^ 


(p,{X)-d)}. 


(15) 

□ 


5.4. Key reduction steps. We keep the same setting as in Subsection 
15.21 We always have an induced hbration / = fw : X^ —)■ W with 
the general fiber F a smooth projective (n — dj-fold of general type. 
Assume d < n. We may write 

a 

'^*x{^Xo)\xw = = aF + Ew 

i=l 

where is an effective Q-divisor on Xy/^ each Fi is a smooth fiber 
of / and a > Pg{X) — d. For any integer m with m > d + ^, we may 
consider the linear system 

\Kx + \{m - d --)7r*j,{Kx,)] + {d - 1 )H\ ^ \mKx\. (16) 

CL 

The Q-divisor {m — d — ^)x'j^{Kxo)\F is nef and big and after further 
modification of X, we may and do assume that '^^{Kxo) has sim¬ 
ple normal crossing support. Kawamata-Viehweg vanishing theorem 
f |Kawll IV] ) implies 

\mKx\\F h \Kf +\{m-d - -)fx{Kxo)\f]\- ( 17 ) 

a 

Our key theorem will essentially work under the following assump¬ 
tion: 

(*) Assume that, on a general fiber F, there are I = n — d — 1 positive 
integers, sayni, ■ ■ ■, ni, such that, for eachi = 1 , • • • , /, dim$|i,|(F) > 
i where Li = Mov\\niF\{KxQ)\F\\- 
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Modulo further necessary birational modifications, we may and do 
assume that, for each i, |Lj| is base point free. For an integer m > 
d + i Uj, we have 

\Kf+ \{m - d - -)tt*x{Kxo)\f]\ 

a 

^ i i 

h \KF+\{m-d - '^ni)7i*x{Kxo)\F]+^Li\. ( 18 ) 

CL 

i=l i=l 

Take to be a generic irreducible element of \Li \ on F. Since \Li\ 
is base point free, is smooth. For j = 2, ■■■ ,1, take to be a 
generic irreducible element of |Lj|yo-i)|. Each is smooth simply 
due to the base point freeness of \Lj\ for each j. Set C = which 
is a smooth complete curve by our assumption that dim$| 2 ,,|(F) > /. 

By the Kawamata-Viehweg vanishing theorem theorem, for each j = 
1 , • • • , /, we have 


>- 


>- 


\KF+\{m-d - '^ni)Fx{Kx^)\F^ + ^L. 


i 11 \/0') 


i=l 


2=1 


\KvU--l) + \{m-d -^ni)7r^(it'xo)|y0-i)l +'^L 


2|l/0’-i) 111/0') 


2=1 


2=J 


l^yO) + \{m-d - '^ni)7i*x{Kxo)\vU)] + ^ 


i\vU) \ 


(19) 


i=l 


i=j+l 


Particularly, when j = /, we simply get 


\mKx\\c h \Kc + Dm\ ( 20 ) 

where Dm = \{m — d — ^ — X]!=i ^*)'^a(-^No)|c 1 is a divisor on C with 

deg{Dm) >{m-d -^ nj)( 7 r^(iFxo) -C)- 

CL 

2=1 

Set 7 ] = {nx{Kxo) ■ C) and am = {m — d—^ — Yl\=i ^i)d- Clearly, since 
f*x{Kxq) is nef and big and C is moving in an algebraic family, we see 
?7 > 0. 


Theorem 5.2. Let m > 1 be an integer. Let X he a nonsingular 
projective n-fold (n > A) with Pg{X) > 2. Keep the same notation as 
above. Assume d < n and that Assumption (*) holds. Then 

( 1 ) under the condition am > 1 , we have 

mrj > deg(iF( 7 ) + \im — d -> nArd. 

a 
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Consequently one has 

deg{Kc) 

V > -^- i -• 

^ + a + X]i=l 

(2) X is birational provided that am > 2. 

This theorem is in fact parallel to the key theorem in dimension 
3 (see, for instance, Chen-Chen |CC21 Subsection 2.10]). So we just 
explain the central part while omitting those redundant details. We 
will tacitly use the following lemma in reducing the birationality to 
lower dimensional case: 

Lemma A. Let V be a smooth projective variety with Pg{V) > 0. Let 
Q be an effective nef and big Q-divisor on V. Assume that \L\ is a base 
point free linear system on V . Then \Kv+\Q~\+L\ distinguishes differ¬ 
ent generic irreducible elements of \L\. In other words, ^\Ky+\Q^+L\ is 
birational if and only if so is ^\Ky+\Q^+L\\Y for each generic irreducible 
element Y of\L\. 

Proof. When \L\ is not composed of an irrational pencil, since \Ky + 
[Q] + L\ Y \L\, ^\Ky+\Q-]+L\ automatically distinguishes different irre¬ 
ducible elements of \L\. 

When |T| is composed of an irrational pencil, we may assume that Q 
has simple normal crossing supports after a further modification of X. 
Pick two different generic irreducible elements, say Yi and Y 2 , of \L\. 
Then L — Yi — Y 2 is, nef. Then it follows from the Kawamata-Viehweg 
vanishing theorem that one has the surjective map: 

H\V, Kv + \Q] +L)^ H%Yy Ky, + [Q] |yj © H\Y 2 , Ky, + \Q] |yj, 

where H^(Yi, Ky. + [QjyJ 7 ^ 0 for i = 1,2. Thus Lemma A holds. □ 

Proof of Theorem 15.21 Since Pg{X) > 0, frequent applications of 
Lemma A tells us that 'Pm,x is birational if and only if (pm,x\c is bira¬ 
tional for any irreducible component C in |L;|y(!-i)|. Hence we natu¬ 
rally refer to Relation (1201) . 

When deg(Zi)m) > 1, \Kc + Dm\ is base point free. Thus Relations 
( 1 T 6|1 and fl 2 n|l imply that 

m{7ix{Kxo) ■ C) > deg(Ac) + deg(L>m), (21) 

which proves (1). One may always take a very large number m' so 

that deg(Zlm') > 1- Then Inequality fl?ID reads rj > cieg^c) — py 

a+-+©i=l 'n-i 

eliminating m'. 

When deg{Dm) > 2, \Kc + Dm\ gives a birational map and so is 
Tm,x- So the theorem holds true. □ 

Applying the above method to the extremal case with d = n, we 
obtain the following corollary which might be known to experts. 
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Corollary 5.3. Let X be a nonsingular projective n-fold (n>3) such 
that ipi^x is generically finite map. Then (pm,x is hirational for m > 
n + 2. 


Proof. We are in the situation d = n. So fw : Xw —)• W is a finite 
map where C = Xw is a smooth projective curve. By the vanishing 
theorem, we have 

\mKx\\c h \Kx+\{m-d)'Kx{Kxo)\+ -hifiHg 

^ l^c+^("^-c^)7^x(^Vo)lcll• 

Repeatedly using Lemma A, we can see that (pm,x is hirational if and 
only if so is g:)m,x\c for ^ general member C E \Xw\- 

We have deg7r^(iLxo)|g > 2, since is generically finite. So 
\K^ + \{m — d)xx{Kxo)\Q] \ gives a hirational map when m — d > 2. 
Thus ipm is hirational for all m > n + 2. □ 

Corollary 5.4. Let X be a nonsingular projective n-fold (n>3) with 
dim(pi^x(W) = n — 1. Then (prn,,x is hirational for m > 2n + 1. 


Proof. Under the assumption, F is a smooth projective curve of genus 
> 2. The situation fits into the consideration of Theorem 15.21 We have 
C = F, Hi = 0 for each i, and d = n — 1. 

Pick a general fiber F of /, we need to study the linear system 

\Kf+ \{m-d - -)Tr*x{Kxo)\FM 

CL 

by virtue of Relation (fT7|) . According to Inequality flT^ , we have 


deg 71x{Kxo)\f > 


2a 

a{n — 1) + 1 


noting that F = Fq is a smooth complete curve of genus > 2. 
Whenever m > 2n + 1, we have 


ttm > (m-d - -) F*x{Kxfij\F > (n + 2- -) • ——> 2. 

a a a[n — 1) + 1 

Thus, by Theorem 15.21 is hirational when m > 2n + 1. We are 
done. □ 

We need the following simple lemma to treat the case with d = n — 2. 


Lemma 5.5. Let F be smooth projective surface of general type. Then, 
for any Q-divisor Qx satisfying Qx = with X > 3, 

gives a hirational map. 

Proof. When {Kfi^,pg(FQ)) (1,2), this is due to Chen-Chen |CC3l 
Lemma 2.3, Lemma 2.5]. 

When {Kp^,pg{Fo)) = (1,2), \Kf\ is composed of a rational pencil 
of genus 2 curves. Modulo a further blow up, we may assume that 
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Movl/Ci?! is base point free. Pick two different generic irreducible ele¬ 
ments C and Cl of \Kp\. Write 

TT*p{Kp,)r^C + Eo 

for an effective divisor Eq on E . Then since 

Qa - C* - Cl - 2Eo = (A - 2)TT*p{Kp,) 

is nef and big, Kawamata-Vieliweg vanishing theorem implies the sur¬ 
jective map: 

H\E, Kp + [Qa - 2Eol) H\C, Kc E D) ® H\Ci, Kc, + Di) 

where D = ([Qa - 2Eq - C^)\c and Di = ([Qa - 2Eq - CiDIci- Note 
that I Cl is a free pencil. Clearly we have 

deg(D) > (A - 2)(7r^(iPi.J • C) > 0 

and, similarly, deg(iAi) > 0. So H^{Kc + D) 0 and iP°(Ci,iCci + 
Di) 7^ 0. This means that \Kp + [QaII distinguishes different irre¬ 
ducible elements of |C|. 

Applying Kawamata-Vieliweg vanishing theorem, we have the sur¬ 
jective map 

H\Kp + [Qa - Col) ^ H\Kc + \Qx - Cq - C] |c) 

where 

deg(rQA - Co - C] Ic) > (A - • C) = A - 1 > 2. 

Thus ^iKp+\Q^-Eo]\\c is birational. So is <h|Ki.+rQAll- Cl 

Corollary 5.6. Let X be a nonsingular projective n-fold (n>3) with 
dim(pi^x(-A) = n — 2. Then (prn,x is birational for m > 4n — 3. 

Proof. By assumption, F is a smooth projective surface of general type 
and Pg{E) > 0. By Inequality (IT^ . we have 

where a > Pg{X) — d. Referring to Relation flTT)) . it is sufficient to 
study the linear system 

\Kp+ \{m-n + 2- -)7r^(Fxo)|Fl |- 

a 

Whenever m > 4n — 3, we have 

{m-d - -)7 i*x{Kxo)\f = Xtt*p{Kp^) + Hx 

CL 

for some rational number A > 3 and an effective Q-divisor EIx- By 
Lemma 1531 we see that \Kp + \{m — d — ^)t^(Cxo)|f — Ca] | gives a 
birational map. Hence iprn,x is birational when m > 4n — 3. □ 


Remark 5.7. With the same method. Corollary 15.41 and Corollary 15.61 
can be easily improved when Pg{X) is large enough: 
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(i) When dim(^i^x(-^) 
birational. 

(ii) When dim 991 AX) 
birational. 


n — 1 and Pg{X) > 
n — 2 and Pg{X) > 


n + 2, (f 2 n-i,x is 
n + 3, (P4n-7,X is 


5.5. Proof of Theorem 11.51 (the case n = 4). By Corollary 15.31 
Corollary 15.41 and Corollary 15.61 we know that (prn,x is birational when- 
eyer m > 13 and d > 2. Hence we only need to study the case with 
d=l. 

In this case, we haye W = F and Xiy = X. Pick a general fiber F. 
We may write 

iri(Ax„)=pf + £ 

where E is an effectiye Q-diyisor and p > Pg{X) — 1. For any integer 
m > 1 , the yanishing theorem implies 


1(711 + 1 )Kx\\f t \Kx + f(m - l)iri-(A'A',)l + AHf 

t |A>+r(m-l)7ri(A'A,)|Fl|. (22) 

Case 1. yol(F) > 12^. By Theorem 0, is birational. First 
let us consider the case with 5 f(F) > 0. By Chen |Chl0t Lemma 2.5], 
we haye 71x{Kxo)\f ~ Xp^Kp^). In particular, 71x{Kxo)\p is a Cartier 
diyisor. So Relation (12^ implies that Pg^xIf is birational. Hence (prn,x 
is birational for all m > 6. Next let us consider the case with (y'(F) = 0. 
Suppose p > 5. Then Theorem 12.41 11 implies that 

\6Kx\\f h \HKx + F)\p = \5Kp\, 


which means ps^x is birational. In a word, (pe.x is birational when 
Pg{X) > 6 and yol(F) > 12^. 

Case 2. yol(F) < 12^. Take X to be set of all those 3-folds of 
general type with positiye geometric genus and the canonical yolume 
being upper bounded by 12^. By Theorem 11.21 there exists a constant 
c(X) > 0 such that, wheneyer yol(X) > c(X), Prn,x is birational for all 
m > r^. Now by Corollary 15.11 there exists a constant L{4) > 0 such 
that Pg{X) > L(4) implies yol(X) > c(X). 

Since we know > 14 as mentioned earlier, we haye actually proyed 
Theorem 11.51 in the case n = 4. □ 


5.6. Proof of Theorem 11.51 (the case n = 5). By Corollary 15.31 
Corollary 15.41 and Corollary 15.61 we know that Prn,x is birational when¬ 
eyer m > 17 and d > 3. Hence we only need to study the cases d = 1, 2. 

Case I. d = 2. In this case, F is a smooth projectiye 3-fold of general 
type with Pg{F) > 0. By Relation ffT7|l . we need to study the Q-diyisor 
Qm = {m - d - ^)f*x{Kxo)\f where a > Pg{X) - d. When Pg{X) > 20, 
we haye a > 18. For m > 35, Inequality fll3p implies 

Qm = {m- d--) ■ ^ Fp{Kp^) + idm 

CL ^CL n” -L 
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where {m — d — > 16 and Hm is an effective Q-divisor. Thus, 

by Chen-Chen |CC3[ Theorem 8.1], \Kf + \{m — d— ^)'k\{Kxq)\f\\ 
gives a birational map. Thus 9235,jv is birational whenever Pg{X) > 20. 

Case II. d = 1. Similar to the discussion in Subsection 15.51 we still 
have the parallel relation to fl22|l : 

\{m + l)Kx\\F h \mKx + F\\f h \Kf + {{m - 1)tt*x{Kxo)\fM- (23) 

Subcase II. 1. vol(F) > K{4) where i^(4) is the same constant as 
in Corollary 14.41 When 5f(r) > 0, we have nx{Kxo)\F ~ by 

Chen |Chl01 Lemma 2.5]. Then both Relation fl25]l and Corollary 14.41 
imply that (pig^x is birational. When 5f(r) = 0, we work under the 
assumption Pg{X) > 19. Then the extension theorem 12.41 implies that 

\19Kx\\f h mXx + F)\f = \18KfI 

which means (fig^x is birational. To make the summary, pig^x is bira¬ 
tional when Pg{X) > 19 and vol(F) > i^(4). 

Subcase II.2. voI(F) < i^(4). Take X to be set of all those 4-folds of 
general type with positive geometric genus and the canonical volume 
being upper bounded by K{4). By Theorem ll.21 there exists a constant 
c(X) > 0 such that, whenever vol(X) > c(X), (prn,x is birational for all 
m > r^. Now by Corollary 15.11 there exists a constant L(5) > 0 such 
that Pg{X) > L(5) implies vol(X) > c(X) . 

Since we know > 39 as mentioned earlier, we have proved Theo¬ 
rem [T3] in the case n = 5. □ 

6 . Open problems and further discussion 

Naturally we would like to propose the following conjectures: 

Conjecture 6.1. For any integer n > 5, there exists a constant K{n) > 
0 such that, for all smooth projective n-folds X with vol(W) > K{n), 
(Prn,x is birational for all m > r„_i. 

Conjecture 6.2. For any integer n > 6, there exists a constant L{n) 
such that, for all smooth projective n-folds X with Pg{X) > L{n), (prn,x 
is birational for all m > r^_i. 

It is also very interesting to compare two key numbers in the state¬ 
ment of Theorem 11.31 We have the following question which has an 
affirmative answer for n = 3,4: 

Question 6.3. For any n > 5, is it true that 

n-l I ~ 

rn-i > [2 n (1 + - d) "77 -- ) J? 

j=2 V 
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Clearly the positive answer to Question 16.31 implies that Conjecture 
16.11 is true. Recently Gavin Brown kindly informed us of many inter¬ 
esting examples of canonical 4-folds. In fact, in the paper |B-Kj . one 
can hnd the following 4-fold: 

Example 6.4. Let P = P(aio, ai 2 , 017 , 033 , 037 , 055 ) be a weighted pro¬ 
jective space, where the weight of the homogenous coordinate a, is i. 
Let X C P be a general hypersurface of degree 165. Then X has 
canonical singularities and Kx = Hence X has the canonical 

volume Kx = 1/830280. Since X is general, the dehning equation of 
X can be written as 0^5 -|- {other terms}. On the other hand, it is easy 
to check that the space H^{X, (^x(93)) is generated by the variables 
010 , 012 , 017 , 033 , 037 . Hence, for the degree-165 hypersurface X, ipg^ is 
not birational and thus > 94. 

In the last part of this paper, we establish a general approach and 
show that a generalization of Theorem 11.21 would give an affirmative 
answer to Conjecture 16.11 

We begin with the following dehnition. 

Definition 6.5. Given a birationally bounded set X of smooth pro¬ 
jective varieties and given a positive number c, we say that a hbraion 
/ : X —>■ T between smooth projective varieties satishes condition 

iBh,c if 

( 1 ) a general hber F of / is birationally equivalent to an element 
of X; 

(2) for a general point t G T, there exists an effective Q-divisor 

Dt with Dt eKx for a positive rational number e < c, 
such that the hber F = is an irreducible component of 

Nklt(X, Dt). 

The following question is an analogue of Theorem 11.41 in higher di¬ 
mensional base case. 

Question 6.6. Given a birationally bounded set X and a positive in¬ 
teger t, does there exist a number c = c(X, t) such that, for any smooth 
projective variety X of general type and a hbration f : X ^ T sat¬ 
isfying (F)x,c and dimT = t, the restriction map H^{X,mKx) —t 
© H^{F 2 ,mKp. 2 ) is surjective for two arbitrary general 
hbers Fi and F 2 of / and for all m > 2 . 

Remark 6.7. (1) When dimT = 1, a hbration / : X —)■ T satishes 
property {B)x,c if and only if F is birational to an element of X and 
vol(X) > Me for some positive integer Me- 

(2) However, when dimT > 2, to work on the extension problem 
as Question 16.61 we cannot simply assume that vol(X) vol(F). For 
instance, take X = C x V x F and T = C x V, where G is a smooth 
projective curve with genus g{C) > 1 and V and F are smooth projec¬ 
tive varieties of general type. Let / : X —>■ T be the natural projection. 
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For any m > 0, we can choose certain V and F snch that PmiV) = 0 
and Pm{.F) > 0. Then, when g{C) is large enongh, vol(X) S> vol(F), 
however the restriction map H^{X,mKx) —t F[^{F^mKp) is never 
snrjective. Hence property (2) in Dehnition 16.51 is reasonable. 

We now apply Takayama and McKernan’s indnction process once 
again to obtain the following nnconditional result, which has its own 
flavor. 


Theorem 6.8. Fix a function A : Z>o x Z>o —)■ M>o. There exists 
integers M„_i > Mn -2 > ■ ■ ■ > Mi > 0 and K > 0 such that for any 
smooth projective n-fold X withYo\{X) > K, all pluricanonical map pa 
of X is birational for a > 2, unless that, after hirational modifications, 
X admits a fibration f : X ^ Z which satisfies 

k,M^ 

some 1 < k < n — 1. 


Remark 6.9. Note that bicanonical map of surfaces has been inten¬ 
sively studied. In particular, Reider [Rej proved that the bicanonical 
map of a smooth projective surface S is always birational if vol(S') > 10, 
unless S presents the standard case, namely after birational modihca- 
tion of S, there exists a hbration f : S ^ B such that a general hber of 
/ is a genus 2 curve. We can also work out the explicit (not optimal) 
bounds for 3-folds and, once again, it seems rather hard to have an 
explicit version of the above theorem in dimension > 4. 


Proof. For each 1 < d < n — 1, we dehne the positive numbers in 
the following way. First, take Mi to be a positive number such that 


n-l 

i=l 


i</2 

~M^ 




Inductively, if Mrf_i is dehned, take Md > M^-i such that 


n-l . ip: 

2“-‘‘(n(i + ^) -1) < >'('1 - 1. vy;). (24) 

i=d 

We then run the effective induction of Takayama and McKernan 
again to hnish the proof of Theorem 16.81 

To initiate the induction, pick two very general points Xi and X 2 of 
X. We hrst take Di ~q pKx with ti < n2n vo\{Kx)~^ + e such that 
Xi, X 2 G Nklt(Af, Hi) and that (X, Hi) is log canonical at Xi with the 
minimal Ic center Vi containing Xi. 

The induction goes as follows. Assume xi, X 2 G Nklt(X, H^), (X, H^) 
is Ic at Xi with Vd the minimal Ic centre of {X,Dd) containing xi, 
dim Vd = Ud <n - d, and Dd ~q tdKx- Then, 

(l)d either vol(Vk) > Mjjf and by Takayama’s induction, there exists 
Dd+i ~Q td+iKx with 
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id+1 < (1 + 


Ud "^2 Ud ^</2 

-T7—+ — 


+ e 


(25) 


such that xi, X 2 G Nklt(X, Dd+i), (X, Dd+i) is Ic at xi with Vd+i 
the minimal Ic centre of (X, Dd) containing xi, and dim Vd+i = 
nd+i <n- d-l] 

(2) or vol(Vrf) < and by McKernan’s lemma (see [Todl Lemma 
3.2]), we have either 

{2.1)d degvr > 2, then there exists Dd+i ~q td+iKx with 


td+i < ‘^td + e, 


(26) 


such that Xi, X 2 G Nklt(X, D^+i), {X,Dd+i) is Ic at Xi 
with Vd+i the minimal Ic centre of {X,Dd) containing xi, 
and dim Vd+i = n^+i < n — d — 1; or 
(2.2)d after birational modihcations of X, we have a hbration 
fn^ : X —)■ Z with a general hber F G X and F is a 

pure log canonical centre for (X, Dp) with Dp tdKx- 
Combining fl25|l and fl26|l . we see that we always have 


tk+i < 2(1 + 




+ 


for k >2. 

The induction stops when arriving at (2.2)^ for some d, or we run 
the induction to the end and get Dm ~(q tmKx such that diml4n = 0. 
In the hrst case, we have 




By m and the fact that Mi < Mj+i and rii < n — i, we see that 
when vol(X) is large enough, 

i. < 2‘‘-‘(n(i+^)-i) 

1 k/K 

< JJ (l + ^;!p—)-l) 


k=n(i-\-l 


M, 


rtd+l 




Thus, satishes (B)^ 















A REDUCTION OF CANONICAL STABILITY INDEX 


33 


In the second case, we have 


tn < n , _ 




2=1 


2 = 1 


M 


Once again, when vol(X) is large enough. 


n-l . 

i=l ^ 

Thus, by the point separation principle, we conclude that (pa is bira- 
tional for all a > 2. □ 


Proposition 6.10. If Question Id.dl has an affirmative answer, then 
Conieeture \6.1\ holds. 

Proof. Assume that Question 16.61 has an affirmative answer, we then 
dehne the function 


A : Z>o X —y M>g 

X{a,b) = c{Xa,b,n- a). 

By Theorem 16.81 there exists integers Mn-i > Mn _2 > ... > Mi > 0 
and A' > 0 such that for any smooth projective n-fold X with vol(X) > 
K, the ifrn is birational for m >2, unless that, after birational modih- 
cations, X admits a hbration f : X ^ Z which satishes 

for some 1 < A; < n — 1. But in the latter case, by the dehnition of A 
and the assumption that Question 16.61 has an affirmative answer, the 
map Prn is birational, for all m> rj^. 

Combining all these together, we see that pa is birational for all 
a > rn-i. □ 
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